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Massless sector of AdS3 superstrings: a geometric interpretation
Andrea Fontanella∗ and Alessandro Torrielli†
Department of Mathematics, University of Surrey,
Guildford, GU2 7XH, UK
We study the recently discovered q-deformed Poincare´ supersymmetry of the AdS3/CFT2 inte-
grable massless scattering, and demonstrate how the S-matrix is invariant under boosts. The boost
generator has a non-local coproduct, which acts on the scattering matrix as a differential operator,
annihilating it. We propose to reinterpret the boost action in terms of covariant derivatives on bun-
dles, and derive an expression for the S-matrix as the path-ordered exponential of a flat connection.
We provide a list of possible alternative interpretations of this emergent geometric picture, including
a one-dimensional auxiliary Schro¨dinger problem. We support our claims by performing a simplified
algebraic Bethe ansatz, which bears some resemblance to antiferromagnets.
I. INTRODUCTION
Integrability in the AdS/CFT correspondence [1, 2] is a
source of ever new mathematical structures in the theory
of exact S-matrices. This is well demonstrated by super-
strings on AdS3×S3×S3×S1 and AdS3×S3×T 4 [3, 4].
The superisometry algebra of the first background is the
D(2, 1;α)×D(2, 1;α) Lie superalgebra, with α measuring
the relative radius of the S3’s. The second background
is obtained by Ino¨nu¨-Wigner contraction of the first as
α→ 0, and has superisometry psu(1, 1|2)× psu(1, 1|2).
Classical integrability was proven in [3, 5], and the
finite-gap equations were given in [6]. The massive scat-
tering problem was solved in [7–10] based on residual
centrally-extended psu(1|1) symmetry factors, with satis-
factory matching against perturbative string predictions
[5, 11–16]. However, the novel appearance of massless
modes [17, 18] complicates the world-sheet analysis [19–
21]. The massless sector was recently unfolded in [22–
24], and a natural field-theory dual candidate shown to
exactly align to the group-theoretical procedure of [17],
although mismatches with perturbation theory [25] are
not entirely resolved. Further work is found in [26–33].
A. The q-deformed Poincare´ superalgebra
When considering the AdS5 scattering problem, the
authors of [34, 35] interpreted the massive magnon dis-
persion relation as the Casimir of a q-deformed Poincare´
superalgebra. This algebra was never quite turned into
a full symmetry of the S-matrix, but a boost generator
was introduced and used to re-obtain the uniformising
rapidity torus [1, 2]. Further appearance of q-Poincare´
symmetries occurred e.g. in [36, 37].
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In [38] it was shown that such a deformed algebra
is an exact symmetry of the massless AdS3 S-matrix.
Combined with the massless dispersion relation, the new
structure has quite natural features, providing for exam-
ple a rather compact formulation of the comultiplication
rule. Some interesting analogies with phonon physics, in-
spired by [39], are also noticeable in this setup. The boost
generator was then used in [38] to derive a particular uni-
formising rapidity, reproducing the standard Zamolod-
chikov’s massless variable in the relativistic limit.
B. This paper
In the present paper, we demonstrate precisely in
which sense the S-matrix is invariant under the boost-
generator coproduct. The boost acts on the scattering
matrix as a differential operator, while the coproduct’s
tail multiplies it as a matrix. The combination of the two
actions annihilates the S-matrix. This complements [38],
hence one concludes that the whole q-Poincare´ superal-
gebra is a symmetry of the massless AdS3 S-matrix.
The boost symmetry bears more resemblance to a ge-
ometric condition - the S-matrix being covariantly con-
stant with respect to a connection - than to a purely
algebraic constraint. We therefore attempt to reinter-
pret geometrically the invariance equations in terms of
covariant differentiation on bundles, which leads us to re-
express the very S-matrix as the path-ordered exponen-
tial of a flat connection. This connection admits several
singular points on the base space, which is reminiscent of
Aharonov-Bohm type problems. This is not a new pre-
rogative of quantum group R-matrices, and in Appendix
B we refer to closely related classic literature.
We then give a list of possible alternative pictures, in-
cluding a reinterpretation of the S-matrix as the propaga-
tor in a one-particle auxiliary quantum mechanics, where
a parametrisation of the original scattering momenta is
translated into the time variable. The Hamiltonian of
2this subsidiary problem is then related to a simplified al-
gebraic Bethe ansatz, which singles out free fermions with
gapless dispersion relation, resembling the one of Heisen-
berg antiferromagnets. We believe such analogies deserve
further exploration, which we plan for future work.
II. MASSLESS R-MATRIX AND BOOSTS
In this section, we summarise the results of [38] which
will be needed for our present purposes.
The centrally-extended su(1|1)L ⊕ su(1|1)R Lie super-
algebra reads
{QL,SL} = HL, {QR,SR} = HR,
{QL,QR} = P, {SL,SR} = K. (1)
The r.h.s. of (1) displays four central elements. One
represents (1) on a boson-fermion doublet {|φ〉, |ψ〉}:
SR = −
√
h sin
p
2
(
0 0
1 0
)
, QR = −
√
h sin
p
2
(
0 1
0 0
)
,
QL =
√
h sin
p
2
(
0 0
1 0
)
, SL =
√
h sin
p
2
(
0 1
0 0
)
,
HL = HR = −P = −K = h sin p
2
. (2)
The central element p is the momentum, with physical
eigenvalues in [0, 2π], while H = HL + HR is the energy.
The R-matrix which was studied, namely
R|φ〉 ⊗ |φ〉 = |φ〉 ⊗ |φ〉,
R|φ〉 ⊗ |ψ〉 = − csc p1 + p2
4
sin
p1 − p2
4
|φ〉 ⊗ |ψ〉+
csc
p1 + p2
4
√
sin
p1
2
sin
p2
2
|ψ〉 ⊗ |φ〉,
R|ψ〉 ⊗ |φ〉 = csc p1 + p2
4
sin
p1 − p2
4
|ψ〉 ⊗ |φ〉+
csc
p1 + p2
4
√
sin
p1
2
sin
p2
2
|φ〉 ⊗ |ψ〉,
R|ψ〉 ⊗ |ψ〉 = − |ψ〉 ⊗ |ψ〉,
satisfies the equation
∆opN (a)R = R∆N (a) ∀ a ∈ su(1|1)L ⊕ su(1|1)R, (3)
where ∆opN = Π(∆N ), Π being the graded permutation
on the tensor-product algebra Π(a ⊗ b) = (−)|a||b|b ⊗ a,
and
∆N (p) = p⊗ 1+ 1⊗ p,
∆N (P) = P ⊗ ei
p
2 + e−i
p
2 ⊗P,
∆N (K) = K⊗ ei
p
2 + e−i
p
2 ⊗ K,
∆N (HR) = HR ⊗ ei
p
2 + e−i
p
2 ⊗ HR,
∆N (HL) = HL ⊗ ei
p
2 + e−i
p
2 ⊗ HL,
∆N (QL) = QL ⊗ ei
p
4 + e−i
p
4 ⊗QL,
∆N (SL) = SL ⊗ ei
p
4 + e−i
p
4 ⊗SL ,
∆N (QR) = QR ⊗ ei
p
4 + e−i
p
4 ⊗QR,
∆N (SR) = SR ⊗ ei
p
4 + e−i
p
4 ⊗SR.
(4)
Formulas (4) prescribe how the symmetry algebra acts
on two-particle states, in such a way that it is a repre-
sentation of (1). R satisfies the Yang-Baxter equation
R12(p1, p2)R13(p1, p3)R23(p2, p3)
= R23(p2, p3)R13(p1, p3)R12(p1, p2), (5)
defined on the triple tensor-product space, e.g.
R12 |φ〉 ⊗ |φ〉 ⊗ |φ〉 = R⊗ 1 |φ〉 ⊗ |φ〉 ⊗ |φ〉, etc., (6)
and the condition of so-called braiding unitarity, i.e.
Π(R)(p2, p1)R(p1, p2) = 1 ⊗ 1. The R-matrix also satis-
fies Π(R)(p2, p1) = R(p1, p2). To describe the scattering
of massless AdS3 modes, R needs to be multiplied by the
scalar factor, which we call Φ, and was calculated in [24].
So equipped, and up to a permutation of the outgoing
particles, R is the S-matrix, scattering particle 1 - with
1D momentum p1 - with particle 2 - with momentum p2.
In [38], these conditions were used to describe two
copies of the 1+1 dimensional q-deformed super-Poincare´
algebra, denoted by Eq(1, 1)L ⊕ Eq(1, 1)R. The coupling
constant h is related to the deformation parameter by
log q ≡ i
h2
. (7)
We define µ ≡ 4
h2
, and the relations (1) are extended to
{QR,SR} = HR, {QL,SL} = HL, [JR, p] = iHR,
[JL, p] = iHL, [JA,HB] =
eip − e−ip
2µ
,
[JA,QB] =
i
2
√
µ
ei
p
2 + e−i
p
2
2
QB,
[JA,SB] =
i
2
√
µ
ei
p
2 + e−i
p
2
2
SB, (8)
where (A,B) = (L,L), (L,R), (R, L), (R,R), and
{QL,QR} = P , {SL,SR} = K,
[JL,P] = [JR,P] = [JL,K] = [JR,K] =
e−ip − eip
2µ
.
The (suitably normalised) quadratic Casimir is given by
C2 ≡ H2 − 4h2 sin p
2
.
The massless representation is characterised by the van-
ishing of the Casimir (massless dispersion relation).
The coproduct for the boost operator, say, JL, com-
patible with the algebra relations, reads (cf. [35])
∆N (JL) = JL ⊗ ei
p
2 + e−i
p
2 ⊗ JL +
1
2
QL e
−i p4 ⊗SL ei
p
4 +
1
2
SL e
−i p4 ⊗QL ei
p
4 , (9)
3with a tail given by a bilinear expression in the super-
charges. The boost operators act as
JR = iHR ∂p, JL = iHL ∂p. (10)
The form of the boost coproduct (9) suggests that the
worldsheet realisation of J should be non-local, according
to a standard argument reviewed e.g. in [1]-VI.2.
Without loss of generality, for the rest of the paper we
focus on the L part only.
III. COVARIANT DERIVATIVES
The symmetry conditions one imposes for the R-
matrix, invariant under the generators of a given Hopf
algebra, is determined by (3).
This applies to all the supercharges and central ele-
ments of the q-Poincare´ superalgebra. When it comes
to the boost generator J, which acts as a derivative, the
situation is slightly different, although we are still after a
constraint on the R-matrix which is as close as possible
to boost invariance. By tedious though straightforward
calculation, one can verify that the following holds:
∆N (JL)(R) = 0 = ∆
op
N (JL)(R), (11)
(recall that R is normalised to have the all-bosonic entry
equal to 1 - i.e., it is stripped off of the scalar factor Φ).
We therefore consider the action of the boost coproducts
as J differentiating the individual R-matrix entries, and
the tail acting multiplicatively. We have taken states not
to transform under boosts, i.e. J|φ〉 = J|ψ〉 = 0, while
algebra generators do transform, in accordance with the
Heisenberg picture of quantum mechanics.
Spelling out the coproducts explicitly, one notices a
first curious condition implied by the above equations:
DR = 0, D ≡ 1
2h sin p12 sin
p2
2
[
∆N (JL)−∆opN (JL)
]
,
which reads out
D =
∂
∂p2
− ∂
∂p1
+Γ(p1, p2)
[
E+⊗E−+E−⊗E+
]
, (12)
where Γ(p1, p2) =
cos
p1−p2
4
2
√
sin
p1
2 sin
p2
2
, and
E+ ≡
(
0 1
0 0
)
, E− ≡
(
0 0
1 0
)
.
After taking suitable combinations of the two equa-
tions in (11), we then obtain the following system:
DMR ≡
[
∂
∂pM
+ ΓM
]
R = 0, M = 1, 2, (13)
Γ1 ≡ −1
4
√
sin p22
sin p12
[
E+ ⊗ E− + E− ⊗ E+
]
sin p1+p24
,
Γ2 ≡ 1
4
√
sin p12
sin p22
[
E+ ⊗ E− + E− ⊗ E+
]
sin p1+p24
. (14)
This resembles a covariant derivative on a 2-dimensional
manifold B with real coordinates (p1, p2). Because of
the 8π-periodicity in both coordinates, B is topologically
equivalent to T 2. The periodicity is four times the phys-
ical strip of left- and right-moving massless modes [24].
We remark that the two equations (13) are not in-
dependent if one uses Π(R)(p2, p1) = R(p1, p2). In our
approach, we propose to regard the two equations (13) as
fundamental, from which one can derive Π(R)(p2, p1) =
R(p1, p2). Braiding unitarity of the R-matrix will then
be considered as a constraint equation.
The above conditions allow us to write an integral for-
mula for the R-matrix. We take a curve γ(λ) : [0, 1] →
B ≃ T 2, and contract (13) with dpM
dλ
. Integrating along
γ gives the following formal expression for the R-matrix:
R
[
γ(λ)
]
= Πs e
∫ γ(λ)
γ(0)
dpMΓM , (15)
where Πs is the graded permutation operator acting on
two-particle states as Π(|v〉⊗|w〉) = (−)|v||w||w〉⊗|v〉, and
P denotes the path-ordering of the exponential. Notice
that the sign in the exponent of (15) is due to the fact
that we have singled out Πs for convenience, moreover
{Πs,ΓM} = 0, (16)
hence
[
∂
∂pM
−ΓM
]
Πs ◦R = 0, and of course Π2s = 1⊗ 1.
The starting point of integration must be chosen in
accordance with the fact that R reduces to Πs for equal
values of the two momenta p1 = p2, which can easily
be seen from (3). In Appendix A we provide an explicit
calculation with a choice of contour, for which it is easier
to verify that (15) exactly reproduces the expression (3).
If we choose γ to be a closed loop and trace (15) over
the superspin states, we obtain what, in gauge-theory
language, is the Wilson loop associated with ΓM .
We remark that, as a consequence of (13) and as can be
verified by explicit computation, ΓM is locally flat (pure
gauge), since its curvature FMN is vanishing:
F12 = ∂1Γ2 − ∂2Γ1 + [Γ1,Γ2] = 0. (17)
Hence we expect a g exists such that locally Γ = g−1dg.
Of course, all this applies away from singularities and
for paths entirely contained within regular regions. This
reminds of Aharonov-Bohm type effects, and would ob-
struct the global trivialisation of any associated bundle
one were to attach to this description (cf. next section).
An important remark is that Γ1 and Γ2 are propor-
tional to the same matrix in su(1|1)L ⊗ su(1|1)L. Never-
theless, there is a non-trivial structure inherited by the
fiber. The matrix defining ΓM has fermionic indices.
Moreover, we might think of its specific form as deriving
from a dynamical principle, whereby Γ itself is a solution
of the equations of motions and the Bianchi identity.
Finally, if we multiplied the R-matrix by the phase
factor Φ, we would still be able to write an equation like[
∂
∂pM
+ ΓM − ∂
∂pM
logΦ
]
R˜ = 0, R˜ ≡ ΦR. (18)
4IV. GEOMETRIC INTERPRETATION
As discussed in [35], boost invariance of the R-matrix
in relativistic integrable systems amounts to
(Jrel ⊗ 1+ 1⊗ Jrel)R =
[
∂
∂θ1
+
∂
∂θ2
]
R = 0, (19)
where the operator acting on R is the trivial coprod-
uct of the relativistic boost Jrel = ∂
∂θ
, which shifts the
particle rapidity θ. Since the coproduct is equal to its
opposite, the equation (19) one obtains from invariance
[∆(Jrel), R] = 0 implies difference-form R = R(θ1 − θ2).
In our case, as we have motivated earlier, this is al-
together more complicated. One can interpret (11) as
a deformation of relativistic boost invariance. The pur-
pose of the following discussion is to propose alternative
pictures, which might link to entirely independent math-
ematical structures underlying the problem. It is then
fascinating to ask what these various emerging interpre-
tations might bring back to the original physics.
Likewise, it is interesting to imagine what the axioms
of integrable scattering (such as crossing symmetry, the
bootstrap principle and the Yang-Baxter equation) might
become, when seen in the light of these alternative frame-
works. For instance, starting with the path-ordered ex-
pression (15), one may try to associate braiding unitarity
Π(R)(p2, p1)R(p1, p2) = 1⊗ 1 (20)
with path-inversion: e−
∫ γ(λ)
γ(0)
dpMΓM e
∫ γ(λ)
γ(0)
dpMΓM = 1⊗1.
When searching for an analogue of crossing symmetry,
one needs a suitable continuation to complex momenta,
and a putative complexified bundle (with a more com-
plicated base manifold). The path γ¯ integrating (15) to
crossed regions [24] should have the problem of avoiding
the singularities of Γ on the base space.
The Yang-Baxter equation (5) would be suggestive of
a condition on the holonomy of Γ (cf. next subsection).
A. Flat connections on bundles
The emergence of ΓM , which takes values in su(1|1)L⊗
su(1|1)L, hints at a description in terms of a bundle,
P (B,F ;π), where the base space B is topologically equiv-
alent to T 2, and the fiber F a subset of U(su(1|1)L) ⊗
U(su(1|1)L), where U denotes the universal enveloping
algebra. The R-matrix would be a local section of P ,
and a scalar function from base-space perspective. Point-
wise, the connection ΓM should uniquely split the tan-
gent space of P into vertical and horizontal subspaces.
Adding (18) extends the fiber by a subset of R.
In this language, the Yang-Baxter equation could be
interpreted geometrically. Let us consider the embedding
of the torus T 2 into the 3D space (p1, p2, p3), where p3
stands for the momentum of the third auxiliary particle.
Let us consider three different points X1, X2, X3 ∈ T 2
and denote by γij a path from Xi to Xj . If the holon-
omy of Γ is trivial, then the initial and final points of the
horizontal lift of a closed loop on T 2 must coincide. This
reads in terms of the R-matrix as R12R23 = R13. How-
ever this is not the Yang-Baxter equation, which points
towards the non-triviality of the holonomy of Γ.
The flatness of the connection would technically define
a homomorphism between the fundamental group of B
and the holonomy group of the connection Γ. In the
trivial case, since the fundamental group of B ≃ T 2 is
Z × Z, the holonomy of Γ would depend by a pair of
integers (n1, n2) - which are the winding numbers of the
loop γ on T 2 - and not on the shape of the loop γ, while
our paths are of course affected by the singularities of Γ.
If we assume to be able to reduce, at least locally, to
a principal-bundle structure, then at a given point p in
the non-vanishing intersection of two patches Ui and Uj
ΓiM = t
−1
ij Γ
j
M tij + t
−1
ij ∂M tij , (21)
where tij is the transition function. Let |p〉 be a local
section over Ui ∩ Uj , such that
|p〉i = tij |p〉j . (22)
The expression of the connection Γ1 on the patch Ui
should then be given by
Γi1(p) = −
1
4
√
sin p22
sin p12
i〈p|
[
E+ ⊗ E− + E− ⊗ E+
]|p〉i
sin p1+p24
.
We plan to study the singularities of Γ and the fiber
structure in future work.
In this setup, R would be a covariantly constant section
of P , and it has the natural interpretation of holonomy
of the connection Γ. It is interesting to speculate that
there might exist a gauge-theory rewriting of our problem,
where the gauge field ΓM lives on T
2, with gauge algebra
given by two copies of su(1|1). It would then be curious
to investigate what a gauge transformation might corre-
spond to in the original physical picture. This should
turn into a local - i.e. momentum-dependent - tranfor-
mation of the basis of two-particle scattering states (i.e.
a local redefinition of the Faddeev-Zamolodchikov opera-
tors [2]). Because of its local nature, it should tie in with
the sl(2) outer-automorphism of su(1|1)L ⊕ su(1|1)R.
In this thinking scheme, the path-ordered expression
(15) would coincide with a particular Wilson line of the
(almost everywhere flat) gauge connection ΓM .
V. ONE-PARTICLE SCHRO¨DINGER
EQUATION
Either equation (13) can also be interpreted as an aux-
iliary Schro¨dinger problem:
i~
d
dt
U(t0; t) = HU(t0; t), (23)
5where the role of the final time t is taken by one of the
two momenta, the other one being the initial time t0. The
path-ordered exponential solution produces the quantum
mechanical propagator U(t0; t):
R = Πs ◦ Pe−
i
~
.
∫
t
t0
H
(24)
In general, we would now speak of a trajectory on the
torus T 2 : {p1, p2 ∈ [0, 8π]}, such that, for τ ∈ [0, t],
pM = pM (τ), pM (0) = (p0, p0), p
M (t) = (p1, p2),
for some p0, one has
dpM
dτ
[
∂
∂pM
+ ΓM (p
1, p2)
]
R =
[
d
dτ
+ p˙MΓM
]
R = 0,
R = ΠsPe
∫
t
0
p˙MΓM , p˙M ≡ dp
M
dτ
. (25)
P is now a time-ordering. Any trajectory provides an
alternative Schro¨dinger problem. The flatness of ΓM ,
and the fact (proved by straightforward computation)
that p˙MΓM is identically zero along the line p
1 = p2,
make all these quantum mechanical problems equivalent.
It is not artificial to think of dp
M
dτ
ΓM as a Hamiltonian
(although possibly singular). As shown in the next sec-
tion, its spin structure matches the Hamiltonian-density
hn,n+1 emerging from a simplified algebraic Bethe ansatz.
In fact, (12) is consistent with the definition of hn,n+1 as
a logarithmic derivative of R. In (23), however, H does
not act on spin-chain sites, but on the superspin degrees
of freedom of an auxiliary quantum-mechanical particle.
Moreover, given the fact that such an auxiliary Hamil-
tonian arises from the symmetrised tensor-product of
two supercharges, it strongly resembles what one has in
N = 1 supersymmetric quantum mechanics, where the
su(1|1) supersymmetry algebra determines the energy as
H = {Q,Q†}. (26)
Further remarks are annotated in Appendix B.
VI. GAPLESS SPIN-CHAINS
In this section, we perform a simplified Bethe ansatz
with the purpose of motivating the previous section’s
Hamiltonian approach. We shall follow [40]. From the
R-matrix we can obtain a spin-chain Hamiltonian in the
following standard fashion. We define
p1 = iν + λ, p2 = iν − λ, (27)
and notice that
R(ν, λ = 0) = Πs. (28)
We construct a local spin-chain HamiltonianH by setting
pn = iνn + λn, pn+1 = iνn − λn,
hn,n+1 =
∂
∂λn
logR(ν, λn)|λn=0 = Πs ◦
∂
∂λn
R(ν, 0),
where the chain has N sites and is periodic, i.e. N +1 ≡
1, and hn,n+1 acts on neighbouring sites (n, n+ 1).
The simplification consists in taking νn = ν ∀n, giving
hn,n+1 =
i
2 sinh ν2
(E+ ⊗ E− + E− ⊗ E+), (29)
which is a Hermitean operator for real ν (taking into
account fermionic signs).
Remark. The Hamiltonian density coincides, up to an
overall factor, with the tail of the boost coproduct, equiv-
alently with either of ΓM . It is tantalising to consider this
a sort of massless Dirac Hamiltonian on the chain.
The algebraic Bethe ansatz, with monodromy matrix
T ≡ L01(λ)...L0N (λ), (30)
built from the Lax matrix L0i = R0i, gives a Hamiltonian
H = d
dλ
log trT (0) = −
N∑
n=1
hn,n+1.
Consider now an infinite chain, with pseudo-vacuum
|Ω〉 = |...φ⊗ φ⊗ φ...〉, (31)
which is an eigenstate of H with zero energy. The spec-
trum of one-particle excitations above |Ω〉 is gapless:
|Ψp〉 =
∑
m
eipm|...φm−1 ⊗ ψm ⊗ φm+1...〉,
H|Ψp〉 = ǫ sin p |Ψp〉, ǫ = 1
sinh ν2
. (32)
There are intriguing similarities between the dispersion
relation (32) and the one of spinons, massless excitations
of the antiferromagnetic Heisenberg spin-chain [41]:
Esp =
π
2
| sin p|. (33)
Notice that also massless (ferromagnetic) magnons (2)
have a dispersion relation E = 2h | sin p2 | which is very
similar to the massless spinons (33), and one wonders of
any possible spectral duality between the two. As it was
done for AdS5, where antiferromagnets appear in specific
parameter scalings [42, 43], it would be very interesting
to study the antiferromagnetic limit of the AdS3 massless
sector and test this idea, particularly in view of [25].
VII. CONCLUSIONS
In this paper we have presented a geometric interpre-
tation of the scattering of massless modes in AdS3 inte-
grable superstring theory. This involves rephrasing the
boost invariance of the S-matrix into a parallel condition
with respect to a covariant derivative with flat connec-
tion, and attempting a dictionary to bundles. The S-
matrix plays the role of a Wilson line, and physical con-
ditions, such as braiding unitarity and the Yang-Baxter
6equation, have suggestive interpretations. The connec-
tion displays singular points, which might turn into the
appearance of Aharonov-Bohm type effects.
We have then outlined a possible alternative picture in
terms of a quantum mechanics with purely spin degrees of
freedom, where the scattering momenta are parametrised
by a time coordinate. We have substantiated this view
with the help of a simplified spin-chain Bethe ansatz,
characterised by gapless excitations with dispersion rela-
tion bearing similarity to Heisenberg antiferromagnets.
In the appendices we provide a consistency check and
some remarks. We speculate that the different inter-
pretations we discussed might converge into a Berry-
phase type description, and notice resemblance with the
Knizhnik-Zamolodchikov equation and with a body of
classic literature on quantum groups and gauge theories.
We hope that our analysis will provide the ground
for several novel developments in the study of massless
modes in AdS3 and in the larger context of AdS/CFT.
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Appendix A: Consistency check
In this appendix, we verify the path-ordered formula
for the R-matrix on a specific contour, which is most
convenient for the calculation. We shall take a particular
straight line, such that (13) is integrated to
R = Πs Pe
∫
p1
p2
dxΓ1(x,p2). (A1)
We begin by expanding out (A1) as follow
Pe
∫
p1
p2
dxΓ1(x,p2) = 1+
∫ p1
p2
dxΓ1(x, p2)
+
∫ p1
p2
dx
∫ x
p2
dy Γ1(x, p2) Γ1(y, p2) + ..., (A2)
and, by using (14) for Γ1, we obtain
R = E11 ⊗ E11 − E22 ⊗ E22 +(
E11 ⊗ E22 − E22 ⊗ E11
)
sin
∫ p1
p2
g(x, p2) dx+
(
E− ⊗ E+ − E+ ⊗ E−
)
cos
∫ p1
p2
g(x, p2) dx, (A3)
where E11 ≡
(
1 0
0 0
)
, E22 ≡
(
0 0
0 1
)
, and
g(p1, p2) ≡ −1
4
√
sin p22
sin p12
1
sin p1+p24
. (A4)
This can be explicitly verified to coincide with (3), re-
membering that a⊗ b |v〉 ⊗ |w〉 = (−)|b||v|a|v〉 ⊗ b|w〉.
Because ΓM = gM (p1, p2)
[
E+ ⊗ E− + E− ⊗ E+
]
,
with g1(p1, p2) = g(p1, p2) in (A4) and g2(p1, p2) =
−g1(p2, p1), clearly the choice
dpM
dτ
=
1
gM
(
p1(τ), p2(τ)
) (A5)
reduces the auxiliary Hamiltonian to the constant matrix
E+⊗E−+E−⊗E+. Integrating (A5) with the specified
boundary conditions gives an alternative proof of (A3).
In terms of the scattering coefficients, we then write
R =


1 0 0 0
0 sinσ cosσ 0
0 cosσ − sinσ 0
0 0 0 −1

 , σ ≡ ∫ p1
p2
g(x, p2) dx.
By reordering the states as {|φ〉 ⊗ |φ〉, |ψ〉 ⊗ |ψ〉, |ψ〉 ⊗
|φ〉, |φ〉 ⊗ |ψ〉}, R can be written as
R =


1 0 0 0
0 −1 0 0
0 0 0 1
0 0 1 0

 ·


1 0 0 0
0 1 0 0
0 0 cosσ sinσ
0 0 − sinσ cosσ

 .
Appendix B: Alternative interpretations
a. Similarities
It is interesting to mention that ∆(J) resembles a
(deformed) super-Poincare´ generator in two dimensions,
whose typical undeformed version reads in superspace
Jαβ = xαP β − xβPα − 12Pγ θ¯γαβγθ. This would present
R as a q-super-translation invariant.
Additionally, (13) reminds of Knizhnik-Zamolodchikov
(KZ) equations and their quantisation [44]. The analogy
with the KZ equation becomes stronger when considering
that the “matrix” part of (13) is proportional to rˇ of [38].
It would be fascinating to connect this to q-CFTs [45],
or form factors in integrable models [46].
7b. Universal R-matrix
We observe that (15) could be rewritten in terms of the
superchargesQ and S, by recombining suitable factors of√
sin p2 in the exponent. When so expressed, we believe
this should provide equivalent rewritings of the universal
R-matrix of the q-deformed Poincare´ Hopf-superalgebra.
Not surprisingly, universal R-matrices are traditionally
given by exponential formulas. It would be interesting to
verify this claim from first principles in view of [47], and
get an algebraic expression for the scalar factor [24].
When regarded in this perspective, our approach is
very reminiscent of the one developed in [48]. Here, the
standpoint is slightly different, as in our particular case
the ordinary classical r-matrix cannot be defined [38].
Nevertheless, the two procedures become very close in
appearance when considering rˇ [38], with the crucial dis-
tinction that the latter is not a solution of the classical
Yang-Baxter equation. We feel however that there should
be a strong relationship, given the striking resemblance.
c. Berry phase
One might conceive regimes where the geometric and
quantum mechanical interpretations we have outlined in
the main text converge into a single picture, inspired by
the notion of Berry phase. This might tie in with the link
drawn in [38] with the physics of phonons, excitations
created by particles moving in the potential of slowly-
vibrating ions in a crystal. From the viewpoint of the q-
Poincare´ algebra, the momenta (p1, p2) cohere as a single
phonon [38], which could be described by a single-particle
quantum mechanics. A Berry-phase picture could link to
our B bundle, with the momenta pM (τ) as adiabatically-
changing parameters (cf. also the so-called vacuum bun-
dles [49], pointed out to us by J. McOrist).
d. Lax pairs
If we read the flatness of Γ in terms of a Lax pair,
then this could define a classically integrable system (al-
though it is not a mathematical implication). If this were
the case, this could be yet another subsidiary interpreta-
tion. R would then be the solution of the auxiliary linear
problem, therefore connected to the Gel’fand-Levitan-
Marchenko equation (reviewed e.g. in [50]) giving soli-
ton solutions via the classical inverse scattering method.
One issue is that [Γ1,Γ2] vanishes on its own. Such Lax
pairs are sometimes called weak [51] - as the momenta
became coordinates, we have no spectral parameter, and
conservation laws trivialise. One could envisage intro-
ducing a spectral parameter (baxterisation). This might
affect (or perhaps resolve) some of the singularities of Γ.
It could also provide a link with the recent results of [52].
We plan to carry out this analysis in a future study.
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